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P. S. Since the writing of the above, I haye been 
inform'd, that, in two or three houfes, finging 
birds, which were at the time roofting in their 
cages, were thrown off their perches by the fud- 
dennefs of the (hock. 



LXXVI. An Invefligation of feme theorems 
which fitggeft feme remarkable Properties 
of the Circle, and are of Ufe in refelving 
Fra&ions, whofe Denominators are Certain 
Multinomials, into more fimfle ones. By 
Mr, John Landen. 

R«ad May j.HpHAf the principal theorems, be* 
»754- JL low inveftigated, will be of con- 
siderable ufe in the dodtxine of fluxions, by render- 
ing, in many cafes, the bufinefs of computing fluents 
more eafy, will, on perufal, be obvious to every one 
acquainted with that branch of fcience. Therefore, 
as the facilitating computations in that do&rine (which 
affords us wonderful affiftance in many phyfical en- 
quiries) may be a means of extending our knowlege 
in philofophy ; it is prefum'd, that this paper will 
not be thought unworthy the notice of the Royal 
Society. 

JL* 

Suppofing -—■■ a —■=====, where x and y de- 

Vx*-i Vy 2 — i 

note the fluxions of the variable quantities x and y 

re- 
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refpedtively, and n an invariable quantity; it is pro- 
pos'd to find, in terms of y and z t the equation of 
which z is a root, and z* — txz-\- i sso, a di- 
vifor. 

Taking the fluents of die given fluxionary equa- 
tion, we have, fuppofing xssi when^ is = I, hyp. 



log. of # 4- Vx* — i s= hyp. log. of y + Vy* — I, or 



x-\. y/x* — i=y + Vy* — i : Whence, by fubfti- 

«5*4-I 

tutingfor ar its value ■ ■ (found by the equation 

z* — txz 4- 1 = o), we have «" = y 4- V)*— i : 
Therefore z* — y is == Vy* — i ; and, fquaring both 
fides, z %n — t y z n + y* = y* — i« Confequently 
g?« — 2 y z? + i is = o j which, fuppofing n a po- 
sitive integer, is the equation fought. 

Now it is obvious, n being fuch an integer, that 
this equation will have as many trinomial divifors, of 
the form z* — 2 x z + I , as there are values of x cor- 
refponding to a given value of y : Which values of at, 
when_y is not greater than i, nor lefs than — i (the 
only cafe I purpofe to confider), will not be readily 



obtain'd from the equation x 4- V x* — 1 —y 4* Vy* — 1 
found above : But, if we multiply the given fluxion- 

ary equation by . we get — = ■ J . 

7 * J v— 1 6 Vi— .*> Vi— r 

of which the equation of the fluents is » x circ. arc 
rad- u cofine x = circ. arc rad. 1. cofine^ j where x 
is. = 1 when^ is=s i> agreeable to the fuppofition we 

made 
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made above when we took the fluents of the given 
fluxionary equation by logarithms. Therefore if A 
be put for the leaft arc whofe cofine is y, and C for the 
whole circumference, radius being 1 j y being the co- 
fine of A t A -f C, A + 2 C, A + 3 C, &c. x will 

, , r C A A+C A-h2C ' 

be the cofine of —, , — — , &c 

n n n 

A + «— 1 x C 

to ! . 

n 

Confequently, expreflmg the laft-mention'd co- 
fines, or the feveral values of x, by p, y, r, j, &c. 

_*>?* ^ y z* 4. 1 will be ss= z* — 2 p z + I X 

2 * — 2 qz -f- 1 xz» — 2 r -s 4- 1, &c. (»), when « 
is a pofitive integer (as we fhall always fuppofe it to 
be), let z be what it will. 

Hence may be eafily deduc'd a demonftration of 
that remarkable property of the circle fit ft difcover'd 
by Mr. Cotes : But as that property has already been 
demonftrated by feveral mathematicians, I mail omit 
taking any farther notice of it, and proceed in the in- 
veftigation of fome other ufeful theorems which I do 
not find have ever yet been publifh'd. 

II. 

If y be = 1 j then, A being = o j p y q y r, &c. 

will be the cofines of -, -, — , ^-, &c. («) refpedt- 

ively : Therefore p will be = 1 j and, if n be an even 
number, one of the cofines y, r, s, &c. will be =— i, 

of the arcs -, — , — , &c. being then = -. ■ 



one .. .. 

n n n 2 



III. 
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III. 

c 

Ify be = — 1 j then, ^being = - 5 p, q,r, x, &c. 

2 

will be the cofines of — , — , •?- , &c. (») refpecT:- 
ively: Therefore, if « be an odd number, one of 

thofe arcs will be -, whofe cofine is — 1. 
2 

IV. 

If in the equations z M — 2 y z" + 1 =* o, and 
& * — 2 a; « + 1 «* o, we fubftitute *y — 1 for #, they 



become i> — 1 — 2 _y x v — 1 4- * = o> and 1/ — 1 

I XXV 1 + 1 = ^* 2-f-2#X1?+2 + 2#==0. 

Confequently 

v"— 2m?— 1 +. . . . 4-a»x v* — znv-f-i 



_j-2y#x v*+aynv+ 

4- 



i 



v * — 2 + 2f>*V-\- 2+2pXV* — 2-\-2qxv-\-2-\-2q% 

v % — 2-j-2r XV+2+ ^rx &c. («) } where, of 
the two figns prefix' d to the terms where y is a fadtor, 
the upper or lower takes place, according as n is an 
even or an odd number. Whence, b y the nature of 
equations, it follows, that 24-2^x24-2^x24-2 r, 
&c. is s= 2 + 2 v. But this equation vanifhing when 
y is « i ahd n an even number, or when y is s=s — i 

4 C and 



[ 570 ] 

and n an odd number, it will be proper to confider 
thofe two cafes more particularly. 

V. 
Firft, Let U9 fuppofe v = I, and » an even number ; 
Then p being = I, and one of the other cofines g, r, 
j, &c. = — i {Art. II.) ; we fhall have 

-y" — I n if"- 1 -\- . . . . +»*i)' = i»4.ox 

V % 4D + 4 X V* — 2 -J- 2 J X V 4" 2 + 2 J 1 X 



-y* — 2+2rxi;-f 2 *f ir ) & c « Therefore dividing 

by u*, 

v m~ z 2»<o 4 «-3-j- .... -f-» s =<u* 4-U + 4X 

-y» — a-f" 2 ? xt, "^" 2 ~r" zqxv 7, — 2-f-2rx«u-j-2-f-2r 
&c. that fa&or in which the value of the cofine q, or 
r, &c, is — i, being expun g'd. 

Confequently «* is = 4 x 2 -f- 2qx.2-\-2rxi-\-2s t 
&c. when the fa&or, whofe value is nothing, is ex- 
pung'd. 

VI. 

Let us now fuppofe y — — 1, and n an odd num- 
ber : Then one of the cofines />, g t r y &c. being. 
= — i(^r/.IIL), 

v*" — 2mj"— l -\- .... -f-«**> a willbe = r a +o 

XV x —-2-f-2pXV-\- 2-^-2pXV % — 2-f-2yX?;-}~ 2 + 2 ft, 

&c. Therefore, dividing by v* t 

v i«-% 2n v tn-i _j_ _J_ n r W JJJ fe _ 

v * — 2,-Jr 2p*V-{-2-\-2pxv % — 2H-2£X'U+2-f-2y, 

&c. andconfequently »* = 2-f-2/>xa + 2$'X2 -fTr t 
&c. when the fe&or, whofe value is nothing, is ex- 
pung'd. VIL 

3 
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VII. 

Subftituting in the equations z** — ty z* -f- 1 s== o, 

and z % — 2xz+i== o, — - — inftead of 2, we have 



a — a> 



<2-f- 



&) 



an 



— 2y 



a -f- a 






+ 1 



__tf-f"<» 2^Xtf-f-&»Xg « + tf — &> 



o, and 



«— w 



* -t- 



a 



a — w 

2 



2XX — ! — -f~ I 



tf — <W 



tf-j-W 2#Xtf-f-<» x ^ 



+ * 



ft> 



a — &> 



. 1 — x . 

2 -t- 2 # x &>* H -t— <r 

: x Xf = o. Confequently 



w 



tf-f"« — 2 ^ x # + <w x tf — u -\- a — w will be 



+ 2/X2 + 2p2 + 2r, &C. X ft,* -f- 



l+/> 



x «* 4* 



1 — ? 
1 + ^ 



<2 Z X ft, 1 H r— a*. &C. 

I-fr 



But, by^rf.IV. 2-j- ^/' x 2 + 2f X2 f 2r, &c. 
is = 2 + 2 ^ the upper or lower of the two figns 

4 C 2 prefix'd 
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prefix'd to y taking place according as « is an even or 
an odd number. 



Therefore a-\r <a — 2yx.a-j- M xa — a -\>a— m is= 

. — i n —ll I I I ■ ■ ■ ■— ■ ■■ ■■ , - „ „ 

T l-Tp 1+? I-fr 

&C. 

Now p being the cofine of any number of degrees, 

radius being i, —r~ a% wil1 be tne Square of the tan- 
i-j-p 

gent of half fo many degrees, radius being a : There- 
fore, denoting that tangent by if ; and the tangents 
of half the arcs defcrib'd with the radius a, whofe 
cofines, when the radius is I, are q, r, s, &c. 
being denoted by c , d, e, &c. refpe&ively j we have 



zn 



a-\-ta — 2yxtf~j~&>xtf— - <o -\-a — at —2-\.zyx 

of -f- b % x a* 2 - + * a * w 2 + ^ 2 > & c - But when/ is =i, 
and » an even number ; or^ = — i, and n an odd 
number ; 2 + 2 y being = o ; nothing can be deter- 
min'd from that equation : Wherefore, in thofe 
cafes, recourfe muft be had to what is done above- 

VIII. 

Let us fuppofe y = I, and n an even number t 



Then the equation a-\-u> — 1 y%a-\* <* x a —- &> 



■j- a — &» =2 -f- 2 p X2 + zjfXi-f jr, &c 

x&,» 4- lZZt a * x o> a + -^a* x ft) 4 -f ^^ a% &c 
1 i~\f i+q i+ r 

become* 
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becomes tf-f«> — 2 *<*4"«» Xfl — *> +* — « —4 



i — r 



x a -4-20 x, 2 4- ir, &c. «* x *>* + --j-± a*x «* -f —a\ 

&e. p being =» i (^r^. II.) and -?-£ a* (= b % ) = a- 

Moreover, one of die other eoiines q t r, s, &c. being 
ass — i {Art. II.), forne one of the factors 2 -f 2 & 
2 + 2 r y i-\-2i t &c. will vanifl i: Whi c h factor 
being expung'd from the product 4x24- %.q% a -f 2 r T 

&c. and reftor'd to the diviibr «* ■+• - ** v - *** or 

&>* H — - a % , &c. from which it was taken, that d£* 

i-j-r 

vifor will become 4 a*; and theprodu&4x 2 -+- 2 f 

x 2 + 2 r, &c. will then (by ^r/. V.) be =s a*. 



Confequentlya-j-w — 2x<H"« x* — w -J- a — *> , 
will be sb n* x &,* x 4 ** x aT+T* x &,» + </*, &c. 
where the fadtor 4<j* takes place inftead of »* + % 
©f the tang, of oo°. 

If ^ be = 1, and » an odd number, p will be =5 1, 
and £ = 0; but no one of the cofines §r, r, j, &c. 
will be = — i, as when n isan even number. There- 



fore* in this cafe, the equation a-j-w — 2 y x a -f- w 



x j— a. + <z— ft. s= 2 + 2,y x »* + £* x w * -j- 1 * &c. 



.*» 



becomes tf-h» — 2 x *-!-&> x a — w + « — - » s= 
4 x «* x ftTTt* x ft,* + d*, &c* 

IX. 
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IX. 



By taking the fquare root of <r-f- &» — 2 x * ~f- w 

xa — u + a — &>, and of its two values juft now found, 

» « 

we have, when n is an even number, a-{-o» — * — w 

= 2 <* » <a x VV +7* xV»' + </*, &c. 2 *z taking 
place inftead of Va* + fq. of the tang, of qo°. 



And, when » is an odd number, # + &> — #- 



"w 



= 2 W xV/ + ^x VV + <**, &c. Whence the 
following conftru&ion is inferr'd. 

X. 

Defcribe about the centre C (Plate XX. fig. i. and 
2.), with the radius a, the circle P A A' A'\ &c. j 
draw the diameter PCQ, and the tangent B"' P B s -, 
divide the femicircumference P A ^ into as many 
equal parts P A, A A', A" A", &c. as there are 
units in the integer »j draw the fecants CA'B' t 
C A' 1 B", &c. and, taking on C^any point 0, draw 
K" K f parallel to B"' P B* ; likewife draw B K\ 
B" K", B"' K'\ &c. parallel to P <^ ; and call CO, «. 

Then will §> be the cofine of twice the angle 
PC A, r the cofine of twice P C A\ s the cofine of 
twice P CA'\ &c. if the radius be i. 

Therefore TB'^O -^wiUbe = c,PB" = K" 
= 4&c. and C K'= V M * + c*,CK" *=V u*-\- d*, 

mitv n 

&c. Confequently O P •— . <j£ being = * + « 
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— a— », a nd«xP ^x C0xC ^ *CK", &c. = 
tana* Voo* + c* x Vcy* + A &c. when n is an 
even number ; OP" — ^ will then be = n x P^ 

xCOxCK'xC K", &c. where the diameter P ^, 

» . 

a 

takes place inftead of the infinite quantity C K. 
But if n be an odd number, OP" — ££ will be 

= 2xC0xcx'xcrxcr ) &c 

XL 

It is evident that, of the factors C K\ CK\ CK'% 
&c. the firft and laft, the fecond and laft but one, &c< 
are refpectively equal to each other. Therefore, 
omitting the fquares of the factors below P ^ and 
the fquares of their values, 
OV— -O C is = « x P^,x C O x CK % x CK" % x 



CK'"\ &c. and a ~j- « — # — &> = 2 tf » w x &,* -f t * 
x <w a + <**> & c - when « is an even number j or 
O T" — O ££is = 2 x C O x C £'* x CK'* x C/T", 



&c. and <z + oj — « — w == 2 <» x w * + <* x &,* -f. ^ 
&c. when n is an odd number. 

XII. 

If we fuppofe y = — i, and » an odd number, it 
will appear, by proceeding much in the fame manner 



as 



in Art. VIII. that 4- « + * x <* + w * a — « "f* 



-« is = «* x 4«* x ^ -f 6* x w a + f s x o a + <£, 

&c» 
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8»e. where the fa&or 4 a * takes place inftead of &>* 
+ fq. of the tang, of 90 . 

If y be = — i, and n an even number, a -f- « + 



jxfl-j-wxa — a-j-a — <<) is=4x&) z -f-^ a Xft)*-J-t*, 
&c. 

Whence, by extracting the fquare root of both 
fides of thofe equations, we have, when n is an odd 

number, * + &>+<* — &> =2oxVw I i-^x 
<t/ w a -|_ c » 5 &c. 2 tf taking place inftead of 
y w * -j_ fq. of the tang, of po u : And, when n is an 

a « ______ 

even number, a-jr w + ** — &> = 2 x Vw* + b* x 
Vj,^^ &c. Hence we infer this conftru&ion. 

XIII. 

Having defcrib'd about the centre C (Jig. 3. and 
4.), with the radius a, the circle P d Ad' A'\ &c. 
draw the diameter PC ^ and the tangent b" P b*; 
divide the femicircumference Pa ^ into as many 
equal parts P a\ a A y A a", &c. as there are units in 
2 n • draw the fecants C d b', C a" b" f &c. and, thro' 
any point (0) in C%, draw *" O t parallel to b" P b* j 
likewife draw b' k\ b"k" i &c. parallel to P $j and 

call CO, &». 

Then, if the radius be 1, p will be the cofine of 
twice the angfe P Ca 1 , q the cofine of twice P C a", 
&c. therefore Pb' = k will b e = b, P b" = Ok' > 
= c, &c. sua&Ck' = V» % +P, cr = V«*+^, 

&c. „ 

Con- 
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Confequently O P' -f* l£ being *= a-\- a 4- <*«- . Wj 
andBxP^xC/^'x Ck", &c. = zan x VV+£* 
x V w* +7% &c. when » is an odd number ; P B 4~ 
^ will then be = n x i> ^x Ck' x C **, &c. where 
the diameter P ^ takes place inftead of the infinite 



Z 



quantity C k. 

But if « be an even number, 0P* + Oj£ will be 

XIV. 

It is obvious that, of the fa&ors Ck\ Ck'\ &c. the 
firft and laft, the feeond and laft but one, e^c. are re- 
fpe&ively equal to each other : Therefore the fquares 
of the factors below P-%, and the fquares of their 
values, being omitted, 
OP" + ^ is = * * P ^.x Ck'* x Ck u * y &c. and 



a'-f- & + a — » = 2 tf« x «*4"#* x «* 4" c*> &c, 

when » is an odd numbers or 

O P" + O j^is = z x C*" x CF% &c and 

« » .^™___ — . 

<?•+•&> +fl-»=ix a>*4£* x «+f*i &c. when 
n is an even number. 

XV. 

Writing in the equation a~j-ai — - 2 ^> x tf 4 *> x 



« — a 4" a — a = 2 + 2 v x «* 4 #* * «»* ~f- **, &c. 

4 D found 
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(found by Art. VII.) a — u for ^ the fame becomes 

Zd r — u — 2 yu X 2 a U + » = 2 + 2 ^ X 

a a — 2 tf a + tf * + ^* x a* — zau-\- a x -\- t% &c. 
= 2 If 2 jy x a a — 2. a u -\- ft* x a* — 2 a u + y» x 
«*— ztf « + J% &c. if inftead of Via* + ^* 
Vfl* + f z i &c. (the feeants of the arcs of which 
£, r, </, &c. arctangents), we put /2, ^, <P, &c. 

And, by a like fuhftitution in the equations in 
Art. XL and XIV. it appears, that 



2 a-— u —-u is = 2 arrx a — u x u* — iau-\-y* 
x# a — 2 a ».+ <p, &c. or 2 %a — u x u* — 2au-\- y * 
x»* — - 2 tfi« + &*> &c. according as n is an even or 



an odd number : And that 2 a — u + u is = 2 # « 
x »* ■— 2 <? « + ft 8 x «' — a ^ ar + ^», &c. or 
2xa»-W8 + |S*x «»— -2««-|-y% &c. accord- 
ing as n is an odd or an even number. 

From what is done above, I might now deduce 
many corollaries ; and, by means of other fubflitu- 
tions, inveftigate other theorems - 3 but want of leifure 
obliges me to defift. 
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